
Computing flux linkages
in rotational

systems

Consider a

rotationalarrangement with two pasts :

- Stator ( that remains
static )

- Rotor ( that rotates ) Source : Wikipedia

/
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Gator coils carrying
@ ##¢ stator current .
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e- // Diagram showing a1/1^1§ cross-section of a National
Rotor Stator system .

In the
following ,

we will compute the

flux linkages As and Ar with the

stator and rotor coils
, respectively .



* t.gr,
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Use
symmetry

to
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conclude that H→
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.is magnetic field intensity ,

Ns turns is radial in nature .

Claim: It between angles
0 to 0 is uniform ,

between
angles

A to it is uniform,

between
angles it to Tito is uniform,

and between
angles qeo to they uniform .

Proof :
du this loop L .

¥;.IE#g/FhfLe's law states thatIfit '
. all = 0 .
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is % :p,
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48 fh¥g } Expanded view .

⇒ (Ha - His ) . g=o ⇒ Ha=Hb .

D



µ ,

° Call these uniform radial
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magnetic field intensities
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is between various angles
Hz%Ldgys

Hy as He
, Hz ,
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Hz , Hy ,
as

shown .
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Apply Ampere
's law around

Hz L
L
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,
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( Hy - He ) . g = -

Nsis
,

:L ,

/ H4

£4 ( H
,

- Hz ) . g=
-

Nrir
,

: Lz
°

( Hz - Hz ) . g =Nsls,
:L

,

(H3- Hy ) . g =Nrir.
:L

,

°

By symmetry ,
we have His - Its ,

and Hz= - Hy . why ! If you reverse the

currents
, you

will interchange the roles of Highs ,

and that of Hz&Hy .



( Hy - He ) . g = -

Nsis
,

We obtained

( H
,

- Hz ) . g = .Nrir ,

Hi = ' 43
,

these from Ampere
's

( Hz - its ) . g
INsis,

Hz= - '+4 . law § symmetry .

(H3- Hy ) . g =

Nrir
.

Let's use these equations
to compute H

, , ...

, Hy .

Hz - Hz

=Nsis/g
⇒ Hzt Hi

=Nsis/g
.

Also
,

we have Hi - Hz = - Nr:*
⇒ Hi = 1 (Nsis - Nrir )zg

⇒ Hz =Ig(Nsistnrir )
• Computing flux linkages As and Ar .

Denoting magnetic flux densities in the

respective
locations as Bi

, Bz
, B3

, By ,

we have Bi = µ Hi
, 9=443/4 .



° what is As ?

Thxlinked with the stator coil .

° How do
you

measure it ?

Consider an
open surface that has the

stator coil as its ends .

gµ
Consider this en surface,

whose cross . section is

*

Hagger
,

Nr turns . shown here
,

and it

Fang@ ← → extends longitudinallyis%9d.si
along the length of theNs turns

Length
of cylinder =L .

cylindrical components .

¢=o ¢=a
ooo As =NsfB→

. ds→=NfB, .
RLdof +

Nf
Bz .RLd¢

,

9 4=0 9=0

where recall that B
,

= tutti =µgg(Nsis - N.ir ) ,

and B
,

=

To Hz =µq (Nsist N.ir ) .



Let's simplify the expression
.

As =

NslhoggRL (Ns is - Nair ) A

+

NsiMzIgl ( Ns is + Nrir ) ( at ) .

=

µt±gk¥IEµ¥YI!irnsnrtnotif=

large [ Ni is + Nsnr ( i - ¥ ) :] .

TFL
.

=

Nilo
is + Ns Nr Lo (i - 2¥) Er

.

It is of the form L
as = Lsis +Iman:{III in!Ynt⇒ .



Similarly , one can Calculate Ar
.

fr = Nr 132
. RL(t - o )

| Use H3= - He .

+ Nr Bz RLO .
⇒ 133=-13 ,

.

= lugged[Nr( Ns is + Nrir ) ( at )

+ Nr ( Nrir - Ns is )0] .

=

Moztgd [ Nsnrta . a) is +

Nitafoirty- Nsnro is ] .

=

µtydEfNYir + Nsnrft - 2¥) is] .

÷ Lo

= NYL
.

ir + NSNRL
. ( i - 2¥ ) .

A .is of the form
.A

.
= Lrir + Lm A) is .



nwf explicitly show the dependency on o .

i. As (o ) = Ls is + Into ) ir
,

Ar (of = Lmtot is + Lr ir .

As G)
⇒ KafkaEakin
⇒ Hot = .LI .

~ - Tutor
of itsvector of [

matrix of inductances .

Xp

This is an electrically
linear

system
.

i.
Lmto ) = Lo Ns Nv ( i - 2% ) .

a + the t.plitI I

- th



Dynamical system descriptions of
electromechanical systems

.

Consider an
arrangement

shown below
.

11111
°

Uniform depth =w
.

§ spring with ° No fringing .

spring constant R '

. n=o corresponds to

g g
the spring

being→ ← → ← uncompressed .

in
Issm →WtoCompute the voltage

itt) Tnt ) induced as a function

>
|FT←5q

of time .

T �2� Write the mechanical
°

equation forlhe block .



0
Computing

the voltage :

T¥Ii÷I÷IE÷⇒±
where R

.
=

peg,
, Rg=¥ '

⇒ ¢=

4unowftgd-n-4uoNTiixtgiiou-a9fd2porw4tgte.adftihgIad.daFf@Now.we

want to write the mechanical

equation for the bar with mass M .

Agenda : Drina free .

body diagram .

write Newton 's second law .



rn } due to the spring
b getting compressed

^

Ife
} since the bar gets magnetized ,

it

mass feels this magnetic force .
Since the

=M
magnetization is the result of electric

f current
,

we call it force of
Mg } due to gravity .

electrical origin .

Newton 's law says :

Mii =

fe
- Mg

- kx .

Now
, let's calculate fe .

Notice that it
would

generally
be

difficult to find the

exact magnetization of the bar and

compute
how it interacts with the magnetic

field around . Since they route seems

challenging ,
we compute fe using energy

considerations .



Consider the total
energy of the system .

Call it Wm .
What is the rate at which

wm is changing ?

dam÷=HY:;iptmH .ca#It
-from the current from work done

entering the coil
. by

the force of

e

electrical origin .

= Et ) . utt ) - f . dadt '

= i.
did .fedd÷ .

⇒ dwm = idl -fedn.

Let wm be a

function of A and a .
Then

Euler'§ relation is given by

dwm =

YW÷dx * Twat .
dn

.



Let's
equate

these two expressions

for Wm .

dwm = idX -

fedn
.

dwm = ogwnxtdx + swung dn
.

Equating coefficients ,
we get

i= Gwynn , §fe=- 2wm2n -

Thus to calculatefe, let's calculate wmtx,
a )

and take its partial derivative -2yd .

° Calculating
Wm ( x ,

a ) .

Suppose we take the
system from ( Aa

,
xa )

to (As
, nb ) .

Notice that  if the
system

is

Conservative
,

then the change
in Wm

is
independent of the path taken .



o°o Wmtxb
, Nb) - Wmfxa , na ) is

independent of the path .

9N the adjoining
R ( Xaieb )

nb " ... ...

.tp→
- - -

*
A. ,a , ) figure ,

this difference

µ%
:

is the same over

I P ' I the paths Pe
.

& Pz
.

na . -  "  -  "

iottxaiea
) ii.:

a Xb X

Wm (Xb
,

nb ) - Wmfxa
,

na )

(Aa
, ab )

( as ,×b )

= /idix-fedai+ /idix-fedsi.

( Aa
, na ) ( Aa

,a.Along
.

this path, Along this path,

dX=o
.

d5e=o
.

(Aa , nb ) ( Xbikb )

= / -

fethn)dE
+ )it , a)di

( Aa
,

na ) (

Xaikb
)



Wmfhs
,

nb ) - wmfxa
,

a a)
Let's look at

(Xa , nb ) ( Xb Mb )

= / -

ftxiisdsi

+ f

:#
→

de
His more

closely .IfHamb
)

# -

fefxa
,

-

a)de
.

Na

Choose

Aa=o.
Then

,
there is no force of

electrical origin ,
i.e.

,fe( Aa
,a) = 0 .

o°o Wmfxb
,

a b) - Wm ( 0
,

sea )
( Abi nb )

= / i (ix.xDdi.

Ha, as ) p
depends on our

Convention of what we

More
generally ,

define as a o -

energy
level

.

mm (X. a) =wmlo ,nay+ § :(

it
a)

did
.



From now on
,

we will assume Wm ( 0,4=0 .

This is just or convention
,

and does not

affect any calculations .

Here onwards
,

we will calculate

wmtx , a) = f
"

it.se )di .

• Back to calculating fe .

=compute ifx.se ) .

Iavert it to find A ( i. a) .

-

Compute wmtx ,
n ) = ft itx

, a) di
.

=

fe
= - 2Wm2n '

Then
, finish writing Newton's laws with fe.



, , , "

° Back to the example .

BE:3www.r .

we already calculated

it
. →  

I Alex ) = 2µN±~i
Mesa →  w← xtg

'

Et) Tnt )

FE; ⇒ if ,x ) = AGE
2/Uo

N2w2
°

° : Wmtx ,n ) = of

"

:( I. a) DI

=f
"

Mynah .

d '

=X4n+g)4µ°Nut
i

° : fe=- msn.to = Efta



Mechanical
equation :

e

Mii = f- - Mg - kx

2

=

- A

4am
- Mg - kx .

Replace X in terms of i & a .

/

⇒ Mi = - 1-4MoN2w2i4M5N4w4g211@g-Mg.kx

=  - µ Nut

#
.

it
- Mg - Rx

.

°

Dynamical system description for the example .

o Electrical equation

udqwrrltgta . :
+ if;÷,D:] .

o Mechanical
equation

Mij =  - µ Nut

#
.

it
- Mg - Rx

.



Co
.

energy
: another

route
to compute fe .

Define co .

energy for our 1- coil system
as

Wm
'

= it - Wm .

Then
,

dwm
'

= idx + Adi - dwm

= ifdx+ xD : -[idX -fedx]
= XD : +fedx.

If wm
'

is a function of
: and x

,
then

dwm
'

= sawed di + 3w×Id× .

Equating the coefficient of
da

,
we get

fe
=

Jwm
'

Fx
'



How do you compute
wm

'

?

we will not
prove

it
,

but the argument

follows very similarly Io the derivation of
energy

wm . Specifically ,
we have

Wm
' liix ) = fine , x ) di

.

Let's
compute fe through wm

'

for
our example .

again

, , , , ,

° Back to the example

,BE:3natures .

we already calculated

F-
→  

I Alex ) = 2µN±~i
mesh →  w← xtg

'

Kt) Tnt )

FE; fe=
-

ponder .

( at g)
2



~

Wm
'

l i. × ) = of

"
2µoN~#° de

xtg

= µ° Nhi

ye .

° :

fe
= ?yw÷n

'

=

-µgN÷gzt. . . same expression
as calculated

from energy
wm .

° Is there
any advantage of calculating fe via

Win
'

as opposed to wm ?

Ans : You don't need to invest the x . i

-

relationship . This reallyhelps us when

we have more than one coil .

Consider an
arrangement with two coils

Carrying currents ie
,

and it ,
and there

is one geometric variable a .



Then
, for an electrically linear system ,

you well obtain

K ( E , iz
,

x ) =L
, (a) i

,
+ Lmlnliz ,

Az (ie , in x ) = Lmtn) i
, + Ldx ) E .

° Calculating

fe
via wm

'

.

Wm
' (ii , iz

,
x )

= f
"

x. ( ii. o
, a) dii

+ fix. CI,
ii. a) dii .

This!s NOT zero .

Be careful !
.

why ! Recall that calculating wnilinizix )



involves
taking a path integral of dwm

'

from (o.O , a) to Ciiiiz, x ) .

In this

case ,
we will take the integral along

the path (0,0 , a) → E. ,
0

, a) → (ii ,
iz , x ) .

Suppose you
have a

system
with

N electrical ports § M mechanical ports
.

=
these refer to these refer to

parts

current carrying
thatmove

within

coils . the system
.

atthe currents be Let the geometric
given by iiiiz ,

... , in
,

variables be given by

and flux linkages
be ni , ... Rm ,

and the

forces due to electrical
given by hi . - - AN '

originbe FI
,

. . . item .



Then
,

• dwm
'

= g§t Ajdij  + n§l
,

fendaa .

• Wm
' ( iiiiz

,
... , in ,

a
,

... , Mm )

=

f
"

Xslii, o
, . .  

-0
,

a ...
 . , am ) dii

+ f
"

,n
. ( ii. ii.

... ,
o.nu . . , am ) di

+

...

+

f.

"
"

dµ ( ii. in ...
,iI , a ,  . → am) did.

• ten =

Twang . for each k=i , ... , M .



Egle:

Consider a system with 2 electrical and

2 mechanical
pots ,

whose flux linkages
are given by

A
,

lie , iz , a , ,az ) = anti ,3 + brien , iz
,

Az E. , iz , ni , xD = brain ,
I + exiiis

,
where ii , iz are the currents

,
and see

, ok

describe the geometric variables .

° Is

this
system electrically linear ?

° Calculate fee
, fez
,

the forces due to

electrical origin .

Solution : ° A
, depends

on ii. ⇒ not electrically
linear .

•

Computing fee
,

fez involves two
steps :

- compute win .

. compute ff ,
fez .



Win
' ( it ,

in , ×
, , xz )

= fo

"
A. (it ,

o
, x. , xz ) di

+ f
"

Az ( i
, ,

iz
,

× , , xz ) di

= f.
"

anti;3 dei + Mbnine + eaiizi ) die

=

taxi
iii. brain , iiiz +

lqeai
it4

fee = 31×9
'

= i. aiin
, + bniiiiz

,2

ten = 3w÷f = 2 ban , i. in + ten:D
.

2



For rotational
systems , geometric variables

are a
,

. . , on .

Indeed of forces of
electrical origin , you compute torques of
electrical origin TE

,
... ,

Ten .


